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ABSTRACT 
In this project, thermal and mechanical properties of a conventional material were to be 
determined. The temperature distribution and the natural frequency were used to determine these 
properties. The convective heat transfer coefficient was determined to be 0.52 W/m2-K, which is 
the most difficult variable to control and predict. With this accurate value, the experimental 
temperature distribution was determined with a maximum error of 0.31% relative to the 
analytical and computational results. The first five bending modes were found in order to 
determine the beam’s natural frequency. With this information an accurate representation of the 
beam’s elastic modulus was established. The value of E was found to be 70.66 GPa, which most 
closely resembles Aluminum 5086-H116. The greatest error occurred on the first bending mode 
at 5%. The methods developed in this work can be applied to the investigations of thermo-
mechanical properties of nanocomposites. Substituting a composite for the conventional 
materials used in this project will allow for comparisons between everyday materials and 
nanocomposites. 
  
ii 
 
Acknowledgements 
I would like to offer my appreciation to many different individuals and groups who 
helped me achieve my goals. First, I extend my sincere thanks to Professor Cosme Furlong for 
his assistance and guidance throughout the development and realization of this project. I also 
express gratitude to the members of the CHSLT Lab at Worcester Polytechnic Institute, who 
offered their expertise in multiple disciplines as a way to support the efforts of this project 
throughout its entirety. 
  
iii 
 
Table of Contents 
ABSTRACT ..................................................................................................................................... i 
Acknowledgements ......................................................................................................................... ii 
Table of Figures .............................................................................................................................. v 
List of Tables ................................................................................................................................. vi 
1 Introduction ............................................................................................................................. 1 
2 Background .............................................................................................................................. 2 
2.1 Nanocomposites ............................................................................................................... 2 
3 Methods: Thermodynamics ..................................................................................................... 6 
3.1 Theory .............................................................................................................................. 6 
3.1.1 Derivations ................................................................................................................ 6 
3.1.2 Uncertainty Analysis ............................................................................................... 15 
3.2 Experiment ..................................................................................................................... 16 
3.2.1 Standards ................................................................................................................. 16 
3.2.2 Infrared Camera Used ............................................................................................. 19 
3.2.3 Procedure ................................................................................................................ 20 
3.2.4 Results ..................................................................................................................... 21 
3.2.5 Conclusions ............................................................................................................. 22 
3.3 Modified Experiment ..................................................................................................... 23 
3.3.1 Procedure ................................................................................................................ 24 
3.3.2 Results ..................................................................................................................... 24 
3.3.3 Conclusions ............................................................................................................. 28 
4 Methods: Mechanics .............................................................................................................. 30 
4.1 Theory ............................................................................................................................ 30 
4.1.1 Analysis................................................................................................................... 30 
4.1.2 Uncertainty Analysis ............................................................................................... 31 
4.1.3 Computational Validation ....................................................................................... 32 
4.2 Experiment ..................................................................................................................... 37 
4.2.1 Procedure ................................................................................................................ 37 
4.2.2 Results ..................................................................................................................... 37 
iv 
 
4.3 Conclusions .................................................................................................................... 40 
5 Future Work ........................................................................................................................... 42 
5.1 Nanocomposites: Thermodynamics ............................................................................... 42 
5.2 Nanocomposites: Mechanics .......................................................................................... 42 
References ..................................................................................................................................... 44 
Appendix A – Complete Derivation for Case 1 Temperature Distribution .................................. 45 
Appendix B – Complete Derivation for Case 2 Temperature Distribution .................................. 47 
Appendix C – Uncertainty Analysis of m in Temperature Distribution ....................................... 49 
Appendix D – Uncertainty Analysis of Natural Frequency, ω ..................................................... 51 
Appendix E – Uncertainty Analysis of Elastic Modulus .............................................................. 61 
Appendix F – Computational and Experimental Results of First Thirteen Modes of Frequency 62 
 
  
v 
 
Table of Figures 
Figure 1. Nanocomposite coating used in engine block in order to improve heat transfer 
characteristics (L’usage Des Nanocomposites, 2011). ................................................................... 3 
Figure 2. (a) Displays fractured tooth and (b) shows reconstructed tooth using nanocomposites, 
which can be manipulated at such a small scale that the results are biomedically realistic 
(SYNCA, 2011). ............................................................................................................................. 4 
Figure 3. Conventional and nanocomposite tennis ball comparison. Energy is expelled 
inefficiently in conventional tennis ball, while maximum energy is utilized in nanocomposite 
coated tennis ball (Des Nanocomposites Pour Un Nouveau Type De Revêtements, 2008)........... 5 
Figure 4. Schematic for the boundary conditions of Case 1. .......................................................... 9 
Figure 5. Schematic for the boundary conditions of Case 2. .......................................................... 9 
Figure 6. Schematic for the boundary conditions of Case 3. .......................................................... 9 
Figure 7. Schematic for the boundary conditions of Case 4. ........................................................ 10 
Figure 8. Three aluminum parts making 3.375 x 4 x 0.5 inch plate. ............................................ 13 
Figure 9. Temperature contour of distribution across aluminum plates with probes. .................. 13 
Figure 10. Analytical and computational results of four different widths of a fin. ...................... 14 
Figure 11. Test and reference material setup. ............................................................................... 17 
Figure 12. View of system from infrared camera’s point of view. ............................................... 18 
Figure 13. View of system from the side. ..................................................................................... 19 
Figure 14. Location of temperature profile. .................................................................................. 21 
Figure 15. Temperature distribution across the length of the plates. ............................................ 22 
Figure 16. Display of the non-uniformity of a heater. .................................................................. 23 
Figure 17. Temperature distribution over time. ............................................................................ 25 
Figure 18. a) Left: Experimental IR image of rod. b) Right: Computational image of rod. ......... 26 
Figure 19. Analytical, computational and experimental results comparison. ............................... 27 
Figure 20. Error from analytical, computational and experimental results .................................. 28 
Figure 21. Graph of frequency vs. mesh size to determine proper mesh size. ............................. 33 
Figure 22. Computational first bending mode at 80.8 Hz............................................................. 34 
Figure 23. Computational second bending mode at 502.7 Hz. ..................................................... 35 
Figure 24. Computational third bending mode at 1408.8 Hz. ...................................................... 35 
Figure 25. Computational fourth bending mode at 2775.6 Hz. .................................................... 36 
Figure 26. Computational fifth bending mode at 4625.6 Hz. ....................................................... 36 
Figure 27. Computational first bending mode, computed at 80.3 Hz. .......................................... 38 
Figure 28. Computational second bending mode, computed at. 502.7 Hz. .................................. 38 
Figure 29. Experimental first bending mode, measured at. 74.9 Hz. ........................................... 38 
Figure 30. Experimental second bending mode, measured at. 495.3 Hz. ..................................... 38 
Figure 31. Computational third bending mode, computed at. 1408.8 Hz. .................................... 39 
Figure 32. Computational fourth bending mode, computed at. 2775.6 Hz. ................................. 39 
Figure 33. Computational fifth bending mode, computed at. 4625.6 Hz. .................................... 39 
vi 
 
Figure 34. Experimental third bending mode, measured at. 1390.7 Hz. ...................................... 39 
Figure 35. Experimental fourth bending mode, measured at. 2761.1 Hz. .................................... 39 
Figure 36. Experimental fifth bending mode, measured at. 4584.9 Hz. ....................................... 39 
Figure 37. FEM first bending mode computed at. 80.838 Hz. ..................................................... 62 
Figure 38. FEM first torsion mode computed at. 344.73 Hz. ....................................................... 62 
Figure 39. FEM second bending mode computed at. 502.73 Hz. ................................................. 62 
Figure 40. Experimental first bending mode measured at. 74.89 Hz. .......................................... 62 
Figure 41. Experimental first torsion mode measured at. 341.84 Hz. .......................................... 62 
Figure 42. Experimental second bending mode measured at. 495.30 Hz. .................................... 62 
Figure 43. FEM second torsion mode computed at. 1122.3 Hz. .................................................. 63 
Figure 44. FEM third bending mode computed at. 1408.8 Hz. .................................................... 63 
Figure 45. FEM third torsion mode computed at. 2154.5 Hz. ...................................................... 63 
Figure 46. Experimental third bending mode measured at. 1390.7 Hz. ....................................... 63 
Figure 47. Experimental third torsion mode measured at. 2142.5 Hz. ......................................... 63 
Figure 48. FEM first plate mode computed at. 2244.1 Hz. .......................................................... 64 
Figure 49. FEM in-plane mode computed at. 2260.4 Hz.............................................................. 64 
Figure 50. FEM fourth bending mode. 2775.6 Hz. ....................................................................... 64 
Figure 51. Experimental first plate mode measured at.  2319.8 Hz.............................................. 64 
Figure 52. Experimental fourth bending mode measured at. 2761.1 Hz. ..................................... 64 
Figure 53. FEM second plate mode computed at. 3011.3 Hz. ...................................................... 65 
Figure 54. FEM fourth torsion mode computed at. 3553.4 Hz. .................................................... 65 
Figure 55. FEM third plate mode computed at. 4193.6 Hz. ......................................................... 65 
Figure 56. Experimental second plate mode measured at. 3070.2 Hz. ......................................... 65 
Figure 57. Experimental fourth torsion mode measured at. 3527.8 Hz. ....................................... 65 
Figure 58. Experimental third plate mode measured at. 4246.7 Hz. ............................................ 65 
Figure 59. FEM fifth bending mode computed at. 4625.6 Hz. ..................................................... 66 
Figure 60. Experimental fifth bending mode measured at. 4584.9 Hz. ........................................ 66 
 
 
List of Tables 
Table 1. Uncertainty of frequency for each of the bending modes considered. ........................... 32 
Table 2. First five frequency bending modes of vibration computed by FEM for the plate under 
consideration. ................................................................................................................................ 34 
Table 3. Comparison of the analytical, computational and experimental results. ........................ 38 
Table 4. Elastic modulus for each frequency discovered. ............................................................ 40 
  
1 
 
1 Introduction 
As technology advances, the performance of components must progress as well. 
Nanotechnology assists this progression. The ability to optimize specific properties of a material 
within a certain system can be vastly useful. Nanocomposites can help achieve this.  
In this project, aluminum 5086-H116 and stainless steel will be analyzed, modeled and 
experimented with. Their strength and heat transfer characteristics will be determined. The 
purpose of this project is to define a method for the comparison of conventional materials and 
nano-particle based composites.  Reasons for such action would be to show the advantages of 
nanocomposites. This project will also explore possible advancements that can be made in 
engineering and science due to the strength and heat transfer characteristics of these materials. 
Thermal experimentation will come by heating one side of the sample while maintaining 
the opposite side constantly at approximately room temperature by implementing a heat sink. 
The temperature distribution will be determined and the material subsequently analyzed. This 
portion of the experimentation is made possible by the use of an infrared camera.  
Structural experimentation will come by applying a cantilever vibrational load. The 
dynamics of the samples will be analyzed using non-destructive testing. Laser interferometry and 
holography will make this possible. The results will be expressed by material’s first five bending 
modes of vibration. This project can serve as a template for the process of evaluation of 
nanocomposites. Furthermore, the results found and the methods used in this paper can serve as a 
reference point for studying nanocomposites and comparing their thermo-mechanical properties 
with those of conventional materials. 
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2 Background 
 
2.1 Nanocomposites 
 Nanocomposites and nanostructures are developed at the nanometer scale either 
structurally or dimensionally. Nanometer suggests measurements of less than 100nm. 
Nanostructures can be arranged by many categories. These categories include chemical 
composition, size and shape. The chemical composition can consist of many different materials 
such as silver and, perhaps most popularly, carbon. The size can be used to categorize. In order 
for an object to be considered “nano” it only needs to be less than 100nm in one direction, such 
as diameter or length. The shape of nanocomposites can vary greatly. Engineers and scientists 
are able to construct wires, rods, tubes, particles, spheres or a combination of these shapes.  
Nanostructures are very useful in engineering, and they are only becoming more 
desirable. When combined with various substances nanocomposites can improve upon many 
properties, such as strength, hardness, ductility and resistance to tearing. They also readily 
increase surface area, which can be useful in many ways, such as dispersing heat and affecting 
solubility. Nanostructures are very important in electrical engineering. Many conductive 
materials are used in nanotechnology. For example, silver and copper can be used effectively, 
and carbon used for carbon nanotubes have unique conductive properties. Light interacts with 
nanocomposites differently than with macro materials, which gives them optical properties that 
can be used very effectively in many fields. Specifically in medicine, nanoparticles can be used 
to detect and track tumor growth. Perhaps the most popular applications come with the structural 
properties. Examples of these applications are water resistance, body armor and luggage. 
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Applications for nanocomposites are constantly growing. The automotive industry is 
reaping the benefits of nanotechnology in its use in engine blocks. Nanocomposite coatings 
improve heat transfer and material properties of engines, Figure 1 (L’usage Des 
Nanocomposites, 2011).  
 
 
Figure 1. Nanocomposite coating used in engine block in order to improve heat transfer 
characteristics (L’usage Des Nanocomposites, 2011). 
 
 
 
The biomedical industry is also growing because of nanocomposites. For example, 
nanocomposites are used in teeth reconstruction. They bond to the organic teeth matter and 
create a seamless joint that is structurally and aesthetically sound Figure 2 (SYNCA, 2011). 
 
4 
 
(a) (b) 
Figure 2. (a) Displays fractured tooth and (b) shows reconstructed tooth using nanocomposites, 
which can be manipulated at such a small scale that the results are biomedically realistic 
(SYNCA, 2011). 
 
 
 
 Nano-powders are used for three dimensional printing. Many characteristics of 
nanocomposites make them useful for this application. They produce accurate, rigid and stable 
components over a long period of time (Nanocomposite Pour Stéréolithographie – Matériaux, 
2011). 
 Nanocomposites can produce rubber material that surpasses conventional rubbers in 
many ways. Such materials are utilized in modern athletics. Specifically, tennis takes full 
advantage of the advances made in nanotechnology. Figure 3 compares a conventional tennis 
ball with a ball manufactured with a nanocomposite (Des Nanocomposites Pour Un Nouveau 
Type De Revêtements, 2008). 
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Figure 3. Conventional and nanocomposite tennis ball comparison. Energy is expelled 
inefficiently in conventional tennis ball, while maximum energy is utilized in nanocomposite 
coated tennis ball (Des Nanocomposites Pour Un Nouveau Type De Revêtements, 2008). 
 
 
 
Nano-particle based composites add the capability to make products lighter, stronger, 
more conductive or insulative, increase surface area and many others. There are several ways to 
make nanocomposites. Some are even capable of assembling themselves. Carbon fragments are 
able to self-assemble to become carbon nanotubes. Other types can be etched from larger pieces 
of material. This method is used for the creation of products such as computer chips. Perhaps the 
most difficult way to make nanostructures is under a microscope. Scientists have developed 
powerful enough microscopes and delicate enough tools to manipulate nanocomposites to make 
nanostructures. However, this method has not proved to be time or cost efficient (How Are 
Nanomaterials Made, 2011). 
  
Nanocomposite 
coating Ordinary coating 
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3 Methods: Thermodynamics 
 In this project, thermodynamic analysis is used to determine the temperature distribution 
of an aluminum plate. For this analysis the plate was loaded and analyzed as a fin having the 
dimensions 3.375 x 4 x 0.5 inches. The methods used in this paper will yield an error of less than 
1% for even a relatively thick fin (Kreith & Bohn, 2001).  
 A thermal load is applied to one side of a plate, while a heat sink is applied to the other. 
All other surfaces of the plate are exposed to convection. Results are gathered analytically 
(Kreith & Bohn, 2001), computationally using ANSYS Workbench (ANSYS, Inc., 2009), and 
experimentally using a high resolution infrared camera (Trek Equipment Corporation: FLIR 
Systems, 2009). 
 
3.1 Theory 
To determine the temperature distribution of a fin with uniform cross section, four cases 
need to be taken into consideration. Each case has unique boundary conditions and, therefore, 
unique derivations. Cases one and two will be derived in this paper, while three and four will 
only be discussed.  
 
3.1.1 Derivations 
 For the purposes of these derivations, the development of the proper nomenclature is 
necessary and is as follows, 
L  = Length of fin    [=]  m  
P  =  Perimeter    [=]  m 
Pdx  = Surface area from x to x+dx  [=]  m2 
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A  =  Cross sectional area   [=]  m2 
T(x)  = Temperature    [=]  K 
Ta  = Ambient temperature   [=]  K 
Ts  = Surface temperature   [=]  K 
Θ(x)  = Temperature distribution  [=]  K 
Θs   = Change in temperature  [=]  K 
k  = Thermal conductivity   [=]  W/m-K 
hc  = Convective heat transfer coefficient [=]  W/m2-K 
 
All four cases have the first portion of the derivation in common. This is due to the fact 
that they the same first boundary condition. This boundary condition requires that the 
temperature at x=1, Ts, remain constant and equal to the temperature at the wall. To derive the 
temperature distribution equations, a heat balance equation is utilized (Kreith et al, 2001). 
 
Rate of heat flow by 
conduction into 
element at x 
= 
Rate of heat flow by 
conduction out of 
element at x+dx 
+ 
Rate of heat flow by 
convection from surface 
between x and x+dx 
 
 
 
This heat balance equation expressed in words can easily be transformed into 
mathematical equations. 
 
 
or 
−kA �dTdx�x  = −kA �dTdx�x+dx + hcPdx(T(x) − Ta) 
qk,x =  qk,x+dx  + dqc  , 
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 This can be written as a second-order differential equations of the form: 
 
d2T(x)
dx2
−
hcP
kA
[T(x) − Ta] = 0  , 
 
while defining hcP
kA
= m2, and [T(x) − Ta] = θ(x). Upon solving this linear, 
homogeneous, second-order differential equation, the general solution is obtained, which 
includes integration constants C1 and C2, 
 
θ(x) = C1emx + C2e−mx  . 
 
Determination of C1 and C2 is based on specific boundary conditions. The following 
figures and derivations explain each of the considered boundary conditions. Figure 4 is Case 1 
boundary conditions. The fin in this case is relatively infinitely long. As x approaches infinity the 
temperature approaches ambient temperature. Figure 5 is Case 2 boundary conditions. As x 
approaches L, the change in temperature is zero, which means convection has no effect. Figure 6 
is Case 3 boundary conditions. This system has a constant temperature at both ends of the fin. 
Figure 7 is Case 4 boundary conditions. Convection occurs on all surfaces except at x=0. 
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Figure 4. Schematic for the boundary conditions of Case 1. 
 
 
 
 
Figure 5. Schematic for the boundary conditions of Case 2. 
 
 
 
 
Figure 6. Schematic for the boundary conditions of Case 3. 
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Figure 7. Schematic for the boundary conditions of Case 4. 
 
 
 
3.1.1.1 Case 1: Second Boundary Condition Derivation 
 Now that the boundary conditions of Case 1 have been established the constants C1 and 
C2 need to be determined. In order for the second boundary condition to hold true, C1=0. With 
this information we can solve for C2, 
 
θ(0) = C2e−m(0) = θs 
θ(0) = C2 = θs 
 
 Once the constants are established the new solution for the temperature distribution can 
be found. (See Appendix A for the complete derivation), 
 
θ(x) = θse−mx 
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3.1.1.2 Case 2: Second Boundary Condition Derivation 
The solution found from this derivation will be used throughout the thermodynamic 
portion of this report. This case requires no convection at the end of the fin. Reasons for this case 
being chosen will become clearer in the experimental section of the thermodynamic methods. 
Now that the boundary conditions of Case 2 have been established the constants C1 and 
C2 need to be determined. In order for the second boundary condition to hold true, the 
temperature gradient at x=L must be zero. (See Appendix B for the complete derivation), 
 
dθ
dx
= 0 = mC1emL − mC2e−mL  . 
 
Now the constants can be determined as, 
 
θ(0) = θs = C1em(0) + C2e−m(0) = C1 + C2 C1 = θs − C2                    C2 = θs − C1 C1 = θs1 + e2mL                   C2 = θs1 + e−2mL   . 
 
Substituting these constants in the solution for the differential equation yields the 
temperature distribution for Case 2 (Kreith et. al., 2001). 
 
θ(x) = θs � emx1 + e2mL + e−mx1 + e−2mL� = θs cosh (m(L − x))cosh (mL)    . 
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3.1.1.3 Computational Validation of Case 2 
 It is important to validate the analytical theory of Case 2 because it will be used 
throughout the thermodynamic portion of this report. Finite elements with ANSYS Workbench 
were used as computational software to validate the results from the derivations.  
 In order to arrive at the proper results several parameters need to be controlled. The 
geometry of the fin must match our systems geometry. This is very important because as the 
width of the fin varies, the rate of heat transfer changes. After the geometry is set, the conditions 
around the fin must be set. It is imperative that the fin have a constant temperature at the free 
end, which is the end representing x=L. The opposite end, where x=0, must be perfectly 
insulated. In other words, there is no convection. Convection must be applied to all other areas. 
The geometry of the plate is shown in Figure 8. The final computational results as found in 
ANSYS Workbench are shown in Figure 9 (ANSYS, Inc., 2009). There were 864 elements and 
5,067 nodes used. A shell element type was used for this steady state analysis. 
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Figure 8. Three aluminum parts making 3.375 x 4 x 0.5 inch plate. 
 
 
 
 
Figure 9. Temperature contour of distribution across aluminum plates with probes. 
 
T=393.15 K 
T=22 K 
x 
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 Now that computation results have been established, they can be used to validate the 
analytical results found in Section 3.1.1.2. A graph showing a comparison between the analytical 
and computational result, as well as the difference in varying width, is shown in Figure 10. In 
Figure 10, lines of the same color represent the same widths. The solid lines are analytical 
results, whereas the dashed lines are computational.  
 
 
Figure 10. Analytical and computational results of four different widths of a fin. 
 
 
 
 As seen in Figure 10, the results are validated through the work done in ANSYS 
Workbench. The boundary conditions are correct and are located at 393.15 K and 295.61 K. The 
distribution also takes the proper shape (Kreith & Bohn, 2001). It should also be noted that the 
error decreases as the width of the fin increases.  
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3.1.1.4 Cases 3 and 4 
  Due to the validation of Case 2, the equations for the temperature distributions of Cases 3 
and 4 will be given, but their corresponding derivations will not. Case 3 and 4 solutions (Kreith 
& Bohn, 2001),  
 
Case 3:    θ
θs
= �θL θs� � sinh(mx) + sinh (m(L − x))sinh (mL)  
Case 4:    θ
θs
= cosh (m(L − x)) + �hc mk� � sinh (m(L − x))cosh(mL) + �hc mk� � sinh (mL)  
 
3.1.2 Uncertainty Analysis 
 The uncertainty analysis for the temperature distribution equation depends on the 
uncertainty found in variable, m. The uncertainty in m is 0.007 meters-1. The percent uncertainty 
of m is 0.08%. The complete uncertainty analysis can be found in Appendix C. Recall that the 
variables that contribute to m are hc, h, w, L and kAl. The percent contributions of the convective 
heat transfer coefficient and the width are 56% and 25%. The fact that the convective heat 
transfer coefficient contributes the most to the uncertainty of the temperature distribution is 
unfortunate because it is a variable that is impossible to control in the system used for this 
project.  
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3.2 Experiment 
 
3.2.1 Standards 
This experiment is based on the standards presented in Standard Test Method for 
Thermal Conductivity of Solids by Means of the Guarded-Comparative-Longitudinal Heat Flow 
Technique found in ASTM Designation E 1225-04 (ASTM International, 2009). The standards 
for this experiment state that a reference material should be sandwiched between two metals of 
known conductivity. This will allow the observation of the temperature distribution across all 
three plates. The system should be enclosed by a guard shell of right circular symmetry 
composed of a metal or ceramic material. The guard cylinder inside radius divided by specimen 
radius should be between 2.0 and 3.5. The temperature of the guard surface should be either 
isothermal or equal to the approximate mean temperature of the specimen, or, preferably, an 
approximately linear profile with top and bottom ends of the guard matched to corresponding 
positions along column. Three temperature sensors should be attached to the guard at known 
positions. The system must be insulated. It must be stable over the anticipated temperature range. 
It should not contaminate system components, conduct electricity and must have low toxicity. 
Standard Test Method for Thermal Conductivity of Solids by Means of the Guarded-
Comparative-Longitudinal Heat Flow Technique states that the sample of interest should be 
inserted under a load between two materials of known thermal properties. It is not restricted to 
specific geometry; however a square cross section will be used in this project. Conduction area 
of the sample of interest and the reference samples must be the same within ±1%, which was 
attained. The reference material must maintain stability over the temperature range of operation, 
compatibility with other components, reasonable cost due to the larger amount of money that 
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may be needed for the test specimen, ease of thermocouple attachment and an accurately known 
thermal conductivity. Figure 11 shows the setup of the three materials, including thermocouple 
placement (ASTM International, 2009). 
 
 
Figure 11. Test and reference material setup. 
 
 
 
The standard related to the loading of the system requires that the temperature gradient is 
imposed upon the top of the stack and the bottom of the stack. Thermocouples were to be used in 
this system as the form of temperature sensors. There were to be a minimum of two sensors on 
each meter bar and test specimen, and if possible each should contain three sensors. They should 
be fabricated from wire of 0.1mm in diameter or less, constant temperature references for all 
cold junctions. They should be welded, and residing in radial slot, pulled through radial hole or 
have a small radial hole part way through and have the thermocouple pushed into hole.  
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 The procedure states to select a reference material with thermal conductance of the same 
order of magnitude as expected of the sample. Soft foil may be used to reduce interfacial 
resistance, and a force applied to the system to reduce interfacial resistance (ASTM 
International, 2009). 
Because of special circumstances proposed by the parameters of the system, certain parts 
of the experiment were modified to fit this model. The most prominent changes were the removal 
of the guard around the system, and the replacement of thermocouples with an infrared camera. 
Figures 11 and 12 show the setup designed and implemented to validate analytical and 
computational results obtained.  
 
 
Figure 12. View of system from infrared camera’s point of view. 
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Figure 13. View of system from the side. 
 
 
 
3.2.2 Infrared Camera Used 
Infrared imaging can be very useful. It can quantifiably display materials’ thermal 
properties, while documenting them automatically in IR reports. It is very reliable, accurate and 
effective. For these reasons, IR imaging will be implemented as the second source of temperature 
sensing in this experiment. 
Specifically, the Flir A325 Infrared Camera System will be used (Trek Equipment 
Corporation: FLIR Systems, 2009). The specifications of this tool fit the general parameters of 
this experiment.  The camera has a field of view built in of 25⁰ x 18.8⁰/0.4m. Its resolution is 
320x240 pixels. It possesses a full focal plane array (FPA) frame rate up to 60 Hz, and is 
equipped with a 15-degree telephoto lens, as well as, a 45-degree wide angle lens. In addition to 
all this, the Flir A325 is compatible with the software package LabView Toolkit. This assists the 
user in documenting and analyzing results found using infrared imaging (Trek Equipment 
Corporation: FLIR Systems, 2009).  
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The resolution of this IR camera is extremely high. The measuring resolution of this 
camera can be found with a simple equation. This equation and the results for the measuring 
resolution for the FLIR A325 is show below: 
 
Resolution = Range2n     ,    n = number of bits Ts−Ta214 = 0.001 degree Celsius 
 
3.2.3 Procedure 
 A number of steps must be completed for the setup of the system. The heater used to 
supply the load at x=0, comes from a Kapton Flexible Heater. The model used for this 
experiment is a KHLV-0504/10-P.  The Kapton heater requires a voltage of 28V to reach its 
maximum temperature. In order to achieve this, a resistance of 36Ω and a current of 0.77A are 
necessary. The theoretical maximum temperature of the heater attached to one end of the 
aluminum plate is 120 degrees Celsius (Kapton Heaters, Inc.).  
 The three aluminum plates are places together using Omegatherm “201”. This is used as 
a form of replacement for the foil as seen in the standard to reduce surface roughness between 
elements. This is done to ensure solid contact between plates. The benefits of this should be seen 
in the temperature distribution. Theoretically, the three pieces should act as one aluminum plate 
because they have identical thermal properties. The Omegatherm is to help achieve this (Omega 
Engineering, Inc.). 
 For further insurance, the three plates are clamped together as tightly as possible so that 
contact remains as constant as possible. This also forces the bottom face of the plates into the 
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large steel laboratory table, which acts as a heat sink to create the second boundary condition. 
Once the system is set up, the infrared camera is placed at the proper location to achieve the 
correct field of view. 
 Now, a voltage must be supplied to the heater. You must then wait until the system 
reaches steady state conditions. Since no transient analysis is performed, recording a video of the 
process using the IR camera is unnecessary. The temperature profile down the center of the 
plates must be obtained and graphed. The location for the temperature profile can be seen in 
Figure 14. 
 
 
Figure 14. Location of temperature profile. 
 
 
 
3.2.4 Results 
 The temperature distribution obtained should match the analytical and computational 
graphs within an error of 0.08%. However, as seen in the Figure 15, the temperature distribution 
differs immensely from the computational results seen in Figure 10. 
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Figure 15. Temperature distribution across the length of the plates. 
 
 
 
3.2.5 Conclusions 
This poor temperature distribution has multiple causes. First, the convective heat transfer 
coefficient is known to contribute the most to the uncertainty of the system. Yet, it is the variable 
that one can control the least in this system. Secondly, the middle plate showing higher 
temperatures than the top and bottom plates suggests that there are imperfections in the material. 
Lastly, the non-uniformity of the Kapton Heater, which is shown in Figure 16, contributes to the 
poor results. This factor was the most detrimental to the system. The range in temperature in this 
picture is over 100 degrees Celsius with the red portions of the picture being over 160 degrees 
Celsius and the blue portions being less than 60 degrees Celsius. 
 
Temperature, [K] 
Length, [cm] 
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Figure 16. Display of the non-uniformity of a heater. 
 
 
 
 Due to the poor quality of these results, the experiment was completed again with 
modifications. These modifications will be an attempt to accommodate for the sources of large 
error, which were convection, the heat source, material imperfections and possibly the 
dimensions of the plate.  
 
3.3 Modified Experiment 
In the modified version of the experiment a cylindrical piece of steel was used as the 
conventional material instead of aluminum. There was only one solid piece of steel instead of 
three. This will increase the accuracy of our results. To improve the boundary conditions, two 
changes were made. First, a soldering gun was used as the heat source instead of a kapton heater. 
A soldering gun provides a much more constant temperature, rather than a non-uniform 
distribution as the Kapton heater did. Also, the gun provides much more power. The heater only 
provided 10 W, whereas the gun provided 150 W. Second, the cylinder was bolted to the table 
instead of being clamped to the table. This may improve the thermal connection to the heat sink. 
It was predicted that convection contributed to the inaccuracy of the previous system. To 
accommodate this inaccuracy and to minimize the effects of convection, steel screens 
encompassed the new system. Also, a thick black curtain was placed over the screens.  
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3.3.1 Procedure 
 The steel rod was bolted to the table, which will act as a heat sink. A soldering gun was 
clamped onto the rod. The soldering gun was turned on to full power. The maximum temperature 
reached on the surface of the soldering gun was 166.4 degrees Celsius; however, this temperature 
was not transferred to the rod. The maximum temperature transferred to the rod was 47.5 degrees 
Celsius. This was considered to be the first boundary condition.  
 As the system approached equilibrium, the temperature distribution was captured every 
five minutes. This was to show the temperature distribution over time. If the difference between 
the temperature distributions is too great at five minute intervals, the time between measurements 
must be decreased 
 
3.3.2 Results 
The distance between temperature distributions was too great for the first fifteen 
measurements so the time between measurements was decreased. Figure 17 shows the graph 
used to determine when the system reached equilibrium. Steady state conditions were reached 
when there was no change between consecutive measurements. After forty five minutes it 
reached steady state conditions. 
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Figure 17. Temperature distribution over time. 
 
 
 
When the system reached equilibrium, pictures were taken to show the temperature 
distribution as shown in Figure 18. The contour line shown in the experimental IR image 
represents the line from which the temperature distribution was gathered. 
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Figure 18. a) Left: Experimental IR image of rod. b) Right: Computational image of rod. 
 
 
 
The non-linearity seen in the experimental image is due to the setup design of the heat 
source. Since the soldering gun could not cover the entire top surface of the rod, certain areas 
increased distributed temperature quicker than others. 
 As shown in Figure 18, the temperature distributions most definitely resemble each other 
at the profile of measurement. In order to validate our results from the experiment they need to 
be compared to the analytical and computational temperature distributions. This comparison is 
shown in the graph in Figure 19. The convective heat transfer coefficient determined from this 
experiment was 0.52 W/m2-K. 
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Figure 19. Analytical, computational and experimental results comparison. 
 
 
 
 As seen in Figure 19 the analytical, computational and experimental temperature 
distributions take the same general shape. In fact, they resemble each other extremely closely. In 
order to quantify their similarity the error was found between every curve. 
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Figure 20. Error from analytical, computational and experimental results 
 
 
 
 As seen in Figure 20, the greatest error occurs between the analytical and experimental 
results at about 105 mm. This error was 0.31%. The maximum error between the computational 
and experimental results was 0.3%. 
 
3.3.3 Conclusions 
 The analytical, computational and experimental results obtained are within 0.31%. This 
shows that the modified experiment is valid. The results are so accurate because of the boundary 
conditions of the system. The soldering gun produced a solid boundary condition. The table was 
also an effective boundary condition, which served as the heat sink. 
 The most difficult variable to predict and control was the convection coefficient. The 
percent error of about 0.31% shows that the convection coefficient used in the analysis and 
computation was very accurate. Also, the screens and curtain that were used in the experiment to 
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reduce the effects of convection most likely played a big role in the accuracy of the experimental 
results. 
  
30 
 
4 Methods: Mechanics 
The methods portion of this report dedicated to the mechanical properties of the plate are 
similar to the thermodynamic Section. Analytical and computation theories are performed, 
followed by an experiment on an aluminum plate having dimensions of 153.00 x 75.30 x 
2.245mm. In this case, five bending modes of vibration were found so that the elastic modulus of 
the specimen could be calculated. Several other modes of vibration were found as well and are 
shown in Appendix F. 
 
4.1 Theory 
 
4.1.1 Analysis 
 To find the natural frequencies of the plate under consideration a relatively simple 
equation was applied (Beckwith et al, 1993). This equation involves the following variables: 
 
Cn  = Constant dependent upon mode [=]  Unitless  
E  =  Elastic Modulus   [=]  Pa 
Izz  = Moment of Inertia   [=]  m4 
m  =  Mass per unit length   [=]  g/m 
L  = Length     [=]  m 
ω  = Natural Frequency   [=]  Hz 
ρ  = Density    [=]  g/m3 
b  = Base     [=]  m 
h  = Height     [=]  m 
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 The equation to find the natural frequency is defined as: 
 
ω = Cn
2π
�
EIzzmL4 
 
where, C1,2,3,4,5=3.52, 22.03, 61.70, 120.09, 199.86,  Izz=(bh3)/12 and m=ρbh. Therefore, the 
analytical results for the plate under consideration are as follows, 
 
ω1 = 3.522π �EIzzmL4 = 79.444 Hz 
ω2 = 22.032π �EIzzmL4 = 497.867 Hz 
ω3 = 61.702π �EIzzmL4 = 1,394 kHz 
ω4 = 120.092π �EIzzmL4 = 2,713 kHz 
ω5 = 199.862π �EIzzmL4 = 4,516 kHz 
 
4.1.2 Uncertainty Analysis 
 The uncertainty in the natural frequency, ω, depends on the mode in which one is 
examining. This is due to the fact that the constant, Cn, changes when the mode increases. Table 
1 shows the values of the computed uncertainties for each of the five bending modes. 
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Table 1. Uncertainty of frequency for each of the bending modes considered. 
Bending 
Mode 
Uncertainty, 
[Hz] 
Percent 
Uncertainty 
1 1.86 2.3% 
2 11.68 2.3% 
3 32.69 2.3% 
4 63.64 2.3% 
5 105.91 2.3% 
 
 
As expected, the percent uncertainty of ω, 2.3%, is the same for all bending modes. 
Recall that the variables that contribute to ω are Cn, E, b, h, ρ and L. The length of the beam 
contributes the most to the uncertainty. The percent contribution of the length is 73%. This 
makes sense because the length is raised to the fourth power in the equation for natural frequency 
(Beckwith et al, 1993). The thickness of the beam also contributes greatly to the uncertainty. The 
percent uncertainty of thickness is 18%. The complete uncertainty analysis can be found in 
Appendix D. 
 
4.1.3 Computational Validation 
 The computational validation was performed in ANSYS Workbench. In order to receive 
results from the tool, the elastic modulus, density and the dimensions of the plate must be given 
to the software if they are not built-in. This system uses the cantilever beam method to obtain the 
natural frequencies of the plate. This implies that one end possesses fixed support. Once this is 
done and the proper number of modes is selected, the natural frequencies can be found. Thirteen 
modes needed to be found in order to obtain all five bending modes (ANSYS, Inc., 2009). 
 Before results can be drawn from this computation, the proper mesh size must be utilized. 
In order to determine which mesh size to use, one should start at a relatively large mesh size and 
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decrease at increments of 10%. The frequencies at each mesh size were found and recorded. 
Then, the frequency was plotted against the corresponding mesh sizes. Once the graph appears to 
converge to zero, in other words the difference in frequency between recordings is negligible, the 
correct mesh size has been found. Figure 21 shows the graph used to determine the mesh size. 
The data point highlighted in red shows the chosen mesh size, which was 2.10mm. 
 
 
Figure 21. Graph of frequency vs. mesh size to determine proper mesh size. 
 
 
 
 Since the mesh size was determined, the results could be computed. The results shown in 
Table 2 present the frequencies obtained from the computational results as well as the analytical 
results from the five bending modes. 
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Table 2. First five frequency bending modes of vibration computed by FEM for the plate under 
consideration. 
Mode Frequency, 
[Hz] 
1 80.838 
2 502.73 
3 1408.8 
4 2775.6 
5 4625.6 
 
 
 
Figures 21-25 show the computational modal shapes of vibration of the plate under 
consideration. Eight additional modes of vibration can be found in Appendix F.  
 
 
Figure 22. Computational first bending mode at 80.8 Hz. 
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Figure 23. Computational second bending mode at 502.7 Hz. 
 
 
Figure 24. Computational third bending mode at 1408.8 Hz. 
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Figure 25. Computational fourth bending mode at 2775.6 Hz. 
 
 
Figure 26. Computational fifth bending mode at 4625.6 Hz. 
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4.2 Experiment 
 
4.2.1 Procedure 
 An aluminum plate of similar dimensions to the one considered in previous analysis was 
prepared for experimental work. The plate was then fixed in a clamp, which served as the fixed 
support boundary condition. The other end of the plate was free. Plate was investigated using 
full-field-of-view holographic methods. A phase-shifted laser beam, a high speed digital camera 
and an image processing computer were used to digitally reconstruct hologram showing the 
deformations of the plate. Unique state-of-the-art holographic tools were used in this experiment 
in order to obtain holographic measurements (Furlong & Pryputniewicz, 1995).  
Starting with an amplitude of 20V, the frequency was increased slowly until the first 
mode was found. Then the amplitude was adjusted accordingly. This value for the frequency was 
recorded to be later compared with the analytical and computational results. This process was 
completed continuing to increase the frequency until the first five bending modes were found. 
 
4.2.2 Results 
 The data obtained from the mechanical experiment are expressed as the frequency and 
compared to the results from the analytical and computational theory. Table 3 displays all 
quantitative results, and Figures 26-35 show the qualitative results. 
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Table 3. Comparison of the analytical, computational and experimental results. 
Bending 
Mode 
Analytical, 
[Hz] 
Computational, 
[Hz] 
Experimental, 
[Hz] 
Percent 
Error 
1 79.444 80.838 74.890 5.73% 
2 497.87 502.73 495.30 0.52% 
3 1394.0 1408.8 1390.7 0.24% 
4 2713.4 2775.6 2761.1 1.77% 
5 4515.8 4625.6 4584.9 1.53% 
 
 
 
 
Figure 27. Computational first bending mode, 
computed at 80.3 Hz. 
 
 
Figure 28. Computational second bending 
mode, computed at 502.7 Hz. 
 
 
 
 
 
Figure 29. Experimental first bending mode, 
measured at 74.9 Hz. 
 
 
Figure 30. Experimental second bending 
mode, measured at 495.3 Hz. 
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Figure 31. Computational third bending 
mode, computed at 1408.8 Hz. 
 
 
Figure 32. Computational fourth bending 
mode, computed at 2775.6 Hz. 
 
 
Figure 33. Computational fifth bending 
mode, computed at 4625.6 Hz. 
 
 
Figure 34. Experimental third bending mode, 
measured at 1390.7 Hz. 
 
 
Figure 35. Experimental fourth bending 
mode, measured at 2761.1 Hz. 
 
 
Figure 36. Experimental fifth bending mode, 
measured at 4584.9 Hz. 
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 Only the first bending mode had a percent error of over 2%. These outstanding results 
can be attributed to several possibilities.  Now that natural frequencies have been obtained, the 
elastic modulus can be back-calculated by solving explicitly for E in the equation for natural 
frequency used in section 4.1.2. 
Upon performing this action, the following results are obtained. Table 4 displays the 
elastic modulus for each bending mode along with the percent error from each bending mode. 
Because the third bending mode contains the least error, the elastic modulus is 70.66 GPa ± 5%. 
The 5% error derives from another uncertainty analysis performed on E after it was solved for 
explicitly, where the tolerance for ω was the percent error found from the experiment, 0.24%. 
The uncertainty analysis for the elastic modulus can be found in Appendix E. 
 
Table 4. Elastic modulus for each frequency discovered. 
Bending 
Mode 
Elastic Modulus, 
[GPa] 
Percent Error 
1 63.09 5.73% 
2 70.27 0.52% 
3 70.66 0.24% 
4 73.52 1.77% 
5 73.19 1.53% 
 
 
 
4.3 Conclusions 
The boundary conditions created in the experiment were extremely accurate observed by 
a maximum error between analytical, computational and experimental results of 5.73% for the 
first bending mode of vibration. Also, the measurements of the beam may have been extremely 
accurate. Lastly, the elastic modulus used in the analytical and computational theory was 
accurate.  
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The experimentally established elastic modulus yields a range of possible choices for the 
type of aluminum which may have been used in the experiment. One of the best choices is 
Aluminum 5086-H116, which has an elastic modulus of 71 GPa. This was the elastic modulus 
used in the theory.  
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5 Future Work 
 
5.1 Nanocomposites: Thermodynamics 
 Although in this report difficulties were experienced with the standard method for testing 
a materials’ thermal conductivity, ASTM Standard Test Method for Thermal Conductivity of 
Solids by Means of the Guarded-Comparative-Longitudinal Heat Flow Technique should be 
used (ASTM International, 2009). In order to avoid the problems encountered in this report, 
special consideration must be taken into the dimensions of the plates. The ratio of the cross 
sectional area to the length of the plate should be at least ten to one. This will ensure that the 
plate can be considered a fin. 
 The method for heating the system must be carefully determined. The source must 
provide a high enough watt density, and have a uniform temperature distribution relative to the 
cross section of the plate.  
 When using an infrared camera, surface reflectivity can impose a problem, especially 
when using metallic substances such as a polished aluminum or steel. In future work, reflectivity 
must be taken into account during the setup of the system. 
 
5.2 Nanocomposites: Mechanics 
 The mechanical experiment can be utilized in the same way in order to find the elastic 
modulus of a nanocomposite. However, the composite may have an orthogonal structure. In 
other words, it may have different elastic moduli in each direction. This must be taken in to 
account throughout the process. In order to account for this difference, the experiment must be 
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carried out once as stated in the procedure above, and again after rotating the composite 90 
degrees.  
 In addition to the orthogonal structure, careful consideration must be taken into the width 
of the beam. The beam must be thin so that it can be excited enough to obtain the proper modes 
of frequency. Also, the width of beam must be able to be measured at a high resolution due the 
system’s sensitivity of this measurement. 
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Appendix A – Complete Derivation for Case 1 Temperature Distribution 
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Appendix B – Complete Derivation for Case 2 Temperature Distribution 
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Appendix C – Uncertainty Analysis of m in Temperature Distribution 
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Appendix D – Uncertainty Analysis of Natural Frequency, ω 
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Appendix E – Uncertainty Analysis of Elastic Modulus 
 
 
  
62 
 
Appendix F – Computational and Experimental Results of First Thirteen 
Modes of Frequency 
 
 
Figure 37. FEM first bending mode 
computed at 80.838 Hz. 
 
 
Figure 38. FEM first torsion mode computed 
at 344.73 Hz. 
 
 
Figure 39. FEM second bending mode 
computed at 502.73 Hz. 
 
 
Figure 40. Experimental first bending mode 
measured at 74.89 Hz. 
 
 
Figure 41. Experimental first torsion mode 
measured at 341.84 Hz. 
 
 
Figure 42. Experimental second bending 
mode measured at 495.30 Hz. 
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Figure 43. FEM second torsion mode 
computed at 1122.3 Hz. 
 
 
Figure 44. FEM third bending mode 
computed at 1408.8 Hz. 
 
 
Figure 45. FEM third torsion mode 
computed at 2154.5 Hz. 
 
 
 
 
 
 
 
 
 
Not Observed. 
 
 
 
 
 
 
 
 
 
Figure 46. Experimental third bending mode 
measured at 1390.7 Hz. 
 
 
Figure 47. Experimental third torsion mode 
measured at 2142.5 Hz. 
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Figure 48. FEM first plate mode computed 
at 2244.1 Hz. 
 
 
Figure 49. FEM in-plane mode computed at 
2260.4 Hz. 
 
 
Figure 50. FEM fourth bending mode 
computed at 2775.6 Hz. 
 
 
 
 
Figure 51. Experimental first plate mode 
measured at 2319.8 Hz. 
 
 
 
 
 
 
 
Not Observed. 
 
 
 
 
 
 
 
 
 
Figure 52. Experimental fourth bending 
mode measured at 2761.1 Hz. 
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Figure 53. FEM second plate mode 
computed at 3011.3 Hz. 
 
 
Figure 54. FEM fourth torsion mode 
computed at 3553.4 Hz. 
 
 
Figure 55. FEM third plate mode computed 
at 4193.6 Hz. 
 
 
 
Figure 56. Experimental second plate mode 
measured at 3070.2 Hz. 
 
 
Figure 57. Experimental fourth torsion mode 
measured at 3527.8 Hz. 
 
 
Figure 58. Experimental third plate mode 
measured at 4246.7 Hz. 
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Figure 59. FEM fifth bending mode 
computed at 4625.6 Hz. 
 
 
 
 
 
 
 
 
Figure 60. Experimental fifth bending mode 
measured at 4584.9 Hz. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
